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A Solution Approach to the Valuation of Contingent Claim by
Utility Indifference with Unpredictable Risks

Olivier D. Foka, Oleg N. Dmitrochenko

Abstract — In this article, we consider a variant of the
Merton problem, where we choose a stochastic process (a
risky tradable asset or a risky commodity asset) with
random drift and volatility. It is well known in the literature
that this leads to a stochastic optimal control problem,
which allows for the derivation of a parabolic partial
differential equation, known as the Hamilton-Jacobi-
Bellman (HJB) equation. This equation is commonly used to
evaluate certain credit instruments, such as corporate bonds
and credit default swaps (CDS), which is the case in our
present work. The construction or definition of the value
function involves a power transformation based on the
solution of a linear or semi linear parabolic equation. We
will use reduced solutions of these equations to determine
prices of corporate bonds and credit default swap spreads
under utility indifference. This approach will not only allow
us to obtain analytical results, but also provide better
insights into the dynamics of credit markets. The derived
formulas for the valuation of corporate bonds and credit
default swaps (CDS) can be used to develop trading
strategies in credit markets. Furthermore, the prediction of
credit spread dynamics and default risk will enable investors
to construct complex trading portfolios, such as arbitrage

and hedging strategies.

Keywords— Stochastic control, Utility indifference, Value
function, Viscosity solution.

. INTRODUCTION

In the field of financial mathematics, the theory
of stochastic optimal control plays an important role,
especially in the solution of optimal investment problems
initiated by Robert Merton. In the article [1], Merton
presents the optimal portfolio investment problem, which
was later generalized by research introducing more
realistic underlying asset dynamics [2] and [3].
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In this work, we consider a variant of the Merton
investment problem with stochastic drift and volatility. In
general, and in particular in [2], such a problem under
certain assumptions about the underlying process and the
utility function leads to a parabolic PDE of the linear [14]
or non-linear type, whose solutions can, for example in
mathematical finance be used to determine the price of
certain financial instruments.

One of the important problems in mathematical
finance is the study related to the valuation of contingent
claims in an incomplete market [13].

In this paper, we refer to the work of Georges
Sigloch [4] and consider the following situation: An
investor makes a loan (a debt security) to a bond issuer.
During the term of the contract, the bond issuer may
default (fail to pay principal or interest), leading the
investor to seek protection against the risk of default from
a credit protection seller. This raises a number of
questions, in particular: firstly, how to evaluate the price
of the financial contract (corporate bond) that will be
signed between the investor and the bond issuer and
secondly, how to evaluate the price of the protection
contract (CDS) that will be signed between the investor
and the credit protection seller.

Proposed answers to these questions, in the case
of a reduced-form model, were developed in [4] for
constant underlying parameters (drift and volatility). In
this paper, we propose a generalization of some of the
results of [4], by determining the indifference prices
signed between the investor and the bond issuer, then
between the investor and the credit protection seller,
when the underlying parameters are stochastic, inspired
by the work of [2].

The paper is organized as follows: in section 2,
we present the basic hypotheses of our model and we
introduce the  Hamilton-Jacobi-Bellman  equation
associated with the problem; in section 3, we provide the
corporate Bond price and CDS spread by utility
indifference method in the case of a underlying with
stochastic drift and volatility; in section 4, we present the
definition of viscosity solutions of non-linear parabolic
partial differential equations and some simulation curves
of the paper.

Il. SETUP OF THE MODEL

We consider an investor who has at time t a self-
financing portfolio with non-risky asset (bond) M, subject
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to an interest rate function depending on time r, and
tradable risky assets (stock account) without default A%.
The dynamics of these non-risky and risky assets are
respectively given by the equations:

vt € [0,T],dM, = rnM,dt,M, =m Q)
vt € [0,T],dAt = w Aldt + 0,AtdB,, A} = a* 2

The process (Zy)epor), Will be referred to as the
stochastic factor [2] and satisfying:

dZ, = a.dt + B.dW, 3)

such that Z, = z, € R.

The functions p, = u(t, Z.), 0, = o(t,Z,), o = a(t, Z;)
and B; = B(t, Z,) are assumed to satisfy all the regularity
assumptions required to guarantee the existence and
uniqueness of the solution of each of equations (2) and
3).

Using concepts from stochastic theory, we specify these
basic assumptions about market coefficients: The
functions p,o0, a,B: Rx [0,T] - R satisfy the global
Lipschitz and linear growth conditions:

If(t,z) = f(t,2)| < klz - 2| 4)
f2(t,z) < k?(1+ z?) (5)

for each vt €[0,T],z,Zz€ R and k being a positive
constant and f representing p, o, and 8. Such that the
conditions (4) and (5) are standard for the existence and
uniqueness of solutions of the state stochastic differential
equations (2) and (3) (see (5)).

On the probability space (Q,F,P), the Brownian
motions B, and W, are correlated with coefficient
correlation p € [—1,1].

At any time s € [t, T], it is reasonable to assume
that the investor has complete information about the price
of the risky asset Al. We model the state of the
information given to the investor by F, = o({B,, W,,:t <
u <s}UN)with N the set of negligible subsets of Q
and (Fy)seery Satisfies the usual conditions: it is
complete (contains ), continuous on the right and
increasing.

We define ¥ as the amount invested in M, and T as the
amount invested in AL, The control m is assumed to be
admissible, i.e.: satisfies the integrability condition
E [ftT o? ngds] <+o and is  F-progressively
measurable. The total wealth of the investor satisfies the
budget constraint A, = 2 + 1, and by the hypothesis of
self-financing of the portfolio, its dynamic is defined by
SDE:

dAg = [rsAs + g (ug — 15)] ds + ms0,dBg (6)
with A, =1 >0,t <s <T and as wealth, at any
moment s it must be positive almost everywhere. The
value function of the investor is

Y(t,Az) = Sup‘r[tec/lE[u(AT)lAt =ANZ, =17] (7

where A is the set of admissible policies, Ay is the
terminal wealth and u is a CARA (Constant Absolute Risk
Aversion) utility function that is concave and non-
decreasing

ux) =—e", y>0 (8)

where y the risk aversion coefficient.

The representation of the value function in a separable
form W(t, A, 2) = u (Aek 7% g (¢, 2) allows to highlight
a function g in general unknown and which verifies a
nonlinear partial differential equation. Using the
reasoning of [2], we transform the function g into a
power of another function which will be the solution of a
reduced parabolic linear equation and in another case a
semi-linear equation.

Under exponential utility function u written on the
wealth of the investor, the value function is represented

T
by W(t,Az) = —e-vhele 75t g(t,z) where g:[0,T] %
R — R verifies the nonlinear parabolic equation:

PBE gf _ 0

g +ﬁ7t2g22+[a —”Bt(“t‘”)] (D) 9-

9(T,z) =
©)
such that the proof of (9) can be found in the APPENDIX
in Proof 1 in the subsection Some Proofs.

Considering the new transformation g(t,z) = j3(t, z),
we deduce the following linear parabolic differential
equation:

2 2
jt_l_%jzz_l_[ _ PBe(pe— rt)] _@a- P )(P-t rt) ] 0 (10)

for the value of the parameter 6 satlsfylng

§ = 11)

we will call & the distortion power, with reference to
Zariphopoulou [2].

Proposition 1
We assume that (t,z) » a.,(t,z) » B, (t2z) »

_PBt(;lt_rt) and (t,z) » — = 2" M are bounded and
t

uniformly Holder's continuous in [0,T] x R. Moreover,
we assume that B, is uniformly elliptic. Then the value
function W is twice continuously differentiable with
respect to (A, z) € R, X R and continuously differentiable
with respect to t for t € [0,T).

Proposition 2
i.  The value function is given by:
T 1
W(t, 2,2) = —e " ™t 2)i0? (12)
with
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_1-p? T(I»ls—Ts)zd
2

j(t,z) = E, <e 2t o3 Z, = z) (23)
and Q the risk-neutral measure, such that
dz; = (o - %‘)) ds + B,
where W, = W, + f;%"_r")du is a Brownian motion
under risk-neutral measure b

ii.  The optimal control 7; = m*(t, 2) is given by

1 _(T —T7 j.
= e ) 7 (—”t2t+—p2&]—.z). (14)
Y o? ' 1-p2o;

Remark 1

The value function W is concave and non-decreasing with
respect to the wealth variable A due to its close
dependence on the utility function w.

Remark 2
The value function W is a constrained viscosity solution
of (46) with terminal condition W(T,2,z) = —e™A.

For the next, we assume that uniformly in z € R
and t €[0,T], the volatility coefficient o, satisfies
o, = ¢, for some constant ¢, > 0, and for some positive
constant ¢, we have:

_ 2
% <, (15)
and that this condition (15) will be used to determine the

growth conditions for the value function and to facilitate
relevant verification results.

The following theorem provides a verification
result for the value function.

Theorem 1

The wvalue function W is given by W(t,A,z)=
T

_e-vrele 7t j8(t,z) where j is the unique viscosity

solution of (10) with terminal condition j(T,z) = 1 and
§isgivenin (11).

Proof. When we apply the results of [7], It is easy to
conclude that equation [10] satisfying the boundary and
terminal conditions j(T,z) = 1, has a unique viscosity
solution. In fact, considering condition [15], the function

1-p2)c
j verifies j < e( pz) : and by applying the definition
of viscosity solutions, we obtain directly that

(T-t)

T

I'(t,Az) = _e—elt "8 (¢, 7) is a viscosity solution of
the equation HIB (46) in [0,T]x R, X R. The sub-
solution property of viscosity is automatically satisfied at
the limit point A = 0, where the slope of T is finite. Thus,
T is a viscosity constrained solution of the HIB equation
(46), belonging to the appropriate class of solutions where
uniqueness has been established. We obtain that T
coincides with the value function, and therefore ¥ is
effectively given by the proposed closed solution.

I1l. CORPORATE BOND PRICE AND CDS SPREAD BY
UTILITY INDIFFERENCE WITH STOCHASTIC DRIFT AND
VOLATILITY

During the investment period, the agent can invest part of
his wealth in a corporate bond or a CDS and the rest in
the portfolio of non-defaulting risky assets A} and non-
risky asset M, with dynamics defined above. The default
on the reference entity is modeled by a Poisson process
N, with intensity x (since our credit risk default model is
of reduced form [12]) and the default time denoted T, is
defined by: t; = inf{t = 0; N, = 1}.

Let us construct this section by evaluating by the
utility indifference method the price of the corporate bond
C, for a portfolio with non-risky assets and risky assets
without default. Let us specify that this price is the one
that provides the investor with the same level of expected
utility when he invests the rest of his wealth A —C; in
non-risky assets M, and risky assets of values A} or when
he invests all his wealth A in these same assets. By buying
a corporate bond, the investor receives a notional amount
of F at maturity if the reference entity does not default
before the maturity T; or receives a percentage R
(assumed here as a random variable independent on (0,1)
of Brownian motion B,) of the notional amount in the
event of default before maturity.

Since for future cash flows, the certainty equivalent (see
[4] and [6]) is the amount we would be willing to receive
without risk, relative to expected future cash flows. The
net present value of an investment can then be defined as
the sum of certain cash flow equivalents discounted at the
risk-free rate. The certainty equivalent of R verifies

e [u(neel! )] = (ref )
[4,39] and is defined by

—_ 1 Trs S

Rt =- T —InE [e—yRFeft ¢ ]
yFeft rsds

The investor's wealth dynamic with contingent claim is

given by:

{d s = [reAs + T (ug — 75)]ds + T,0,dBq s)
A

= K‘E_ + RF. 1{‘EST} + F. 1{‘I:>T}

where T = min(tg4, T) and limit wealth represents the fact
that if the default on the reference entity occurs before
maturity (t <T) then the investor receives a random
percentage R of the notional and in the opposite case
(t > T) he receives the whole notional.

The value function of the investor for a portfolio with
contingent claim is

Y(t,Az) = supﬁtEﬂE[u(KT)mt =AZ, =zt <14
A7)

The value function (17) associated with the state
process (16) satisfies the following HIB equation
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% (t, X, 2) + supz,erGTP(t, A, 2) = 0,
(18)
with W(T, A, z) = u(A + F),VA€R and where

g"ly(t Az) = [r A+ (u — rt)] (t A z)

02T, 02
2 03

+ atg(t,hz)

+ pB;7T.0; _8222\ (P Z)_
+x[W(t A+ R.F,z) — ¥(t, 1 2)].
Similarly, to Section 11, the value function is represented
— Trs s
by W(tAz) = —e‘V’\eft ¢ I(t,z)® where le

C¥2([0,T] x R) and verifies the nonlinear parabolic
equation

BZ _ PBe(ue—1e) (Mt—rt)z X
Lo+ L, + o, — 2R ]l+[ +w]l +

2 2 s
E-po+to-DZ+ie —Y'ij oy =0, (19)

(o-1

F
with terminal condition I(T,z) = e‘y?, such that the
proof of (19) can be found in the APPENDIX in Proof 2

in the subsection Some Proofs, with g the function
1
defined in section Il by g(t,z) =j(t,z)1-** and j

defined by (13). For the value of the parameter (another
distortion power) w satisfying:

(20)

w =
1-p2

this equation (18) becomes the following semi linear
parabolic differential equation

2 —
L, +%lzz + [at _ th(::Z Tt)] I, - 0?) (Mt 7”:)

02

— TTS s — ——F
K] I+ x(1 - pz)e‘VRfFeIt ‘ jl-le 1-p2 =0, (21)
with terminal condition I(T, z) = e Y(1=P*)F

Remark3
vp € (-1,1), -2

. In particular, if p=0 then

P _ 1 _
- 1—p2 = o,1 =1 and (21) becomes

L+, e, [(“f k|1 + ke YRFEETE ) 0 ()
with l(T, z) =eYF,

Proposition 3
iii.  The solution of (22) is given by:

I(t,z) =
fT us-rs) ds js(#u—ru)
e"tE |e=F+KT) g "t 20} +Kf e Tse 2 j(s,z)ds

with vt € [0,T], T, = kt +y§;Feft 4 and  (t,z) &
j(t,z) given by

Z, = z] (23)

T(Ms— Ts)

j(t,z) = E[ £ o8

iv.  The optimal control 7, =7 (t,z) in this
particular case is
7 = emlimas o) (25)
t
In the following theorem, we can define the price of the
corporate bond when p = 0.

Z, = z]. (24)

Theorem 2
The utility indifference price C, = C(t,z) of corporate
bond is given by

_ 1 _Tras j(t.2)
¢, =te~lerssin (—l(m) (26)

Proof. We know that an indifference price P is the price
for which an agent (an investor in our case) would have
the same level of expected utility when he invests the rest
of his wealth A — P in his portfolio as by not doing so.
We can write

f;rrsds

Y(t,A—P,z) = V(t, A z) & —e YA-Pe I(t,2)
= _e—vxeft rsdsj (t.2)
o e U 2) = (6,2)
= ]/Peft rsds _ | p <Jlg 2)
& P = le—ftTrsdsln <](t_,z))
Y I(t,2)

Thus, considering P = C,, we obtain the result.

This following section allows us to evaluate continuous
CDS premium that the investor pays to the protection
seller.

In the following, we now assume that the investor buys a
CDS and pays a continuous premium rate S, (t) paid on
the notional amount F from the time the contract was
established until maturity or the time of default of the
reference entity, whichever comes first. If default occurs
before maturity, the investor receives a random payment
of (1 — R)F and all future premium payments cease.

Similar to the equation (16), we have the dynamics of the
investor's wealth with the CDS premium rate given by the
equations (27) and (28) and define by:

dA, = [r,A; + €S, (OF + 7, (ue — r)|dt + w0.dB,,
0<t<T 27)

dA, = [rA, + T (g, —1)]dt + W0 dB, t >T  (28)

where the limit wealth A; = A~ —e(1 — R)F.1¢ o)
Here, e =41 for the CDS seller and e = —1 for the
buyer.

The value function of the investor for a portfolio with the
CDS premium rate is
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B(t,A,2) = supmeqE[u(A7)|A =M Z, = z,t < 14).
(29)
The value function (29) associated with the states (27)
and (28) satisfies the following HIB equation
Z2(t,2,2) + suprer GF P(t,2,2) = 0,

(30)

with ©(T, %, z) = u(A), A € R and where

fW(t,A,z2) = [Tt/1 + 7 (e — rt)

+eS (t)F] (t 4,2)
=2 _2 132 ]
T, of 0
22 2~a/12 (t:/LZ) +at a (tl){'z)
B¢ oY
+ > 952 (t’/EZ)
2Q
+ Pﬁt”tgt (t A,7)
+ K[w(t,A - e(l —R,)F,z)
-¥(t,4,2)]
as before, we consider @ in the form
B(t2,2) = —e- e " )0

where [ € C¥2([0,T] x R) and verifies the nonlinear
parabolic equation

~ 2 _)2
L+, + e - ere)

2007

pBeue—rd| 7 _ K
g, +54

T ~ 2 12
615(ﬂFeL%“]L+ﬁ(—p%r+e—1)%+
; K per(i- ROFelt Tsts l - (31)

For the value of the parameter (another distortion power)
0 satisfying:

1

=1
this equation (31) becomes the following semi linear
parabolic differential equation

z; i B lZZ 4 [(lt Pﬂt(ﬂt_rt)] Z; ) (Ht Tt)
ot
K+ €yS, (t)Fek Tsds] l
o (Trsas L P2
+(1 _ pZ)Keey(l—Rt)Fe t j1—pzl 1-p2 = 0, (32)

with terminal condition I(T,z) =1 and for the same
particular reasons as in remark (Remark 2), equation (32)
becomes:

~ g2 ~
L + ﬁz—tlzz + al, — (“t Tt) + k + €yS, (t)Fel Tsds] [+
T
KeEY(l-ITf)Feff Tsdsj =0 (33)
with I[(T,z) = 1.

Proposition 4
v.  The solution of (33) is given by:

I(t, 2)
T d T v [T rydu S d
=E|e e Viends 4 Kf e€Y(1-R5)Fe’s j(s,z)e"ft Vwzdu g o
t

Z, = z] (34)

—r)2 T
With V(t,2) = L2 4 i + ey, () Fele 70
t

vi.  The optimal control "= (t,z) in this

—~ 1 _ T reds \Mt—Tt
kT =-e ff s g (35)

Ot

Theorem 3
The utility indifference spread S, (t) of CDS is implicitly
given by the following P — a. s equation

eKH_fT(Hs rs)? ds Ag ft ((llu ry)? —eyFSp(u)efu rvdv)du
%

T,
Jiisz)e
e ~K(T—t)=YF ftTSp(s)efs rudugs 1 (36)

ds +

where for t € [0,T]; A, = —xt —y(1 — R~t)FeftTrsds.
Proof. Similar to the price of the defaultable bond, the
indifference credit default swap spread is defined as the
value S,(t) satisfying the equation P, z) =
W(t,A\z) < I(t,z) =j(t,z), when the coefficient
correlation p = 0 and leading to the desired equation.

Remark 3

Under the power utility function, Zariphopoulou Thaleia
in [2] obtains a distortion power & that depends on the
risk aversion coefficient y and the correlation p between
the brownian motions that modulate the stock price A}
and the factor process Z, respectively. On the other hand,
in our work and that of Boguslavskaya Elena and
Muravey Dmitry in [8], under the exponential utility
function, we obtain a distortion power depending solely
on the correlation coefficient.

IV. SIMULATION CURVES OF THE PAPER

A. Distortion Powers as a Function of Correlation

All the distortion powers 8§, w and 6 in our problem are
equal and positive and defined by: § = w =06 = 1_1p2

the interval [—1; 1]. A representation of these distortion
powers is given in the following figure:

2541

N
=]
L

-
7]
L

distortion_powers

"
o
L

0 T 4 4 T T T T T
—-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
rho

Fig.1. Distortion powers as a function of correlation.
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B. Certainty Equivalent (ﬁ;)te[o 7 Of Random Rate R

in the Event of Default and Instantaneous Variance
(Zt)tE[O,T] :
We present below the representative trajectories of the
certainty equivalent of the rate R and of the instantaneous
variance process which governs the volatility of the factor
process (risky asset). For all R, trajectories, the risk
aversion coefficienty = 0.7.

]

——— Certainty Equivalent of R
0.0 4 — Process Z

0.0 0.2 0.4 0.6 os 10
period

Fig.2.a= 0.7, = 0.5,F = 500, T = 1for
dZt = O(dt + BdZt’ZO = 0.4.

1.0

0.8

0.6 1

0.2

—— Certainty Equivalent of R J
—— Process Z

0.0+

0.0 0.2 0.4 0.6 08 10
period

Fig.3. = 0.7,8 = 0.5,F = 500,T = 1 for

dz, = a(p — Zy)dt + B\/Z,dW,, Z, = 0.4.

10— Certainty Equivalent of R

~—— Process Z

0.8

0.6
0.4 1 ‘ F
0.2 V

0.0 1

0.0 0.2 0.4 0.6 0.8 1.0
period

Fig.4.a = 0.7, = 0.5,F =500,T =1 for
dZ, = a(B — Z,)dt + BdW,, Z, = 0.4.

C. Utility Indifference Price C, of Contingent Claim.

We present above in Fig.5 and Fig.6 the utility
indifference price surface of the contingent claim C, as
conditional expectation knowing the variation of the
factor stochastic process Z,.

Contigent claim C_t

0.4

0.6 0.2

Time 0.8
1.0 Q0.q

Fig.5.c = 0.7,8 = 0.5,F = 500,T = 1 for
dZt = a(ﬁ - Zt)dt + ﬁth, ZO = 0.4

Contigent claim C_t

Time 0.8 0.0

Fig.6.a = 0.7, = 0.5,F = 500,T = 1 for
dZ, = a(B — Z,)dt + B\[Z.dW,, Z, = 0.4.

Unlike the numerical analysis of bond yield term
structures with several levels of risk aversion presented
by Sigloch [4], in our case, we set the coefficient of risk
aversion to y = 0.7 and modify the dynamics of the
underlying process A, and the factor process Z,, and then
observe the surface C;.

APPENDIX

A. Definition of Viscosity Solutions of Non-Linear
Parabolic Partial Differential Equations.
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We note that the notion of viscosity solutions was
introduced by [9] for first-order equations and by [10] for
second-order equations. However, a general overview of
the theory can be found in [11].

Consider a non-linear second-order partial differential
equation of the form

G(X,v,Dv,D?v) =0in[0,T] X Q (37)

in which Q € R?, Dv and D?v denote the gradient vector
and the second-derivative matrix of v, and the function G
is continuous in all its arguments and degenerate elliptic,
meaning that

G(X,p,q,A+B) < G(X,p,q,A)if B>0

A continuous function v:[0,T]xQ >R is a
viscosity solution of (37) if the following two conditions
hold:

a) v isa viscosity subsolution of (37) on [0, T] x Q;
that is, if for any ¢ € C2([0,T] x Q) and any
local maximum point X, € [0, T] % Qofv— o,
G (X0, v(X,), Dp(Xo), D2 (X,)) < 0.

b) v is a viscosity supersolution of (37) on [0, T] X
Q; that is, if for any ¢ € C*2([0,T] x Q) and
any local minimum point X, € [0,T] x Q of
v — ¢, G(Xo, v(X,), DP(X,), D?p(X,)) = 0.

B. Some Proofs.

Proof.1. First, we construct the partial differential
equation verified by ¥.

Let's move on to double inequality:

=) Show first that,

(t X)) + sup G"W¥(t, XF) < 0.

TEA

Let n € N*, the process X[* = and

i
(Xf )(i,t)e{l,z}x[O,T]’
the function T = m, € A (where A is the set of
admissible policies of this problem) such that

dX™ = wi(t, X7, m,)de + Z vit’ (6, X, ,)d B}’

i'=1

and by using the Ito's multidimensional formula on a
function ¥,

d‘P(t ng)
(t Xr ”Za (6, XP)ul (¢, XF, )] dt

1
2 axa

ii'=1

(t XF )Z vik pki' (¢ XT ,nt)corr(Bt,Bt )dt

F 2 5 (6 X S, v (6 XT ) dBY

then by integrating between t and t + h, we obtain:

W(t+h XE,) = Wt X5
t+h oW
+; [g( $,XE) + Ty o (5, XDul (s, XT, ) +
; o1 o ax 2 (s, XY, vik vk (s, X ns)corr(Bl;Bsi')]ds

t+h .
LS S s X X, v (5, X ) B

We set the following expression, which represents the
infinitesimal generator:

G (s, X") l 1a (s XMul(s, X7, m,) +
; T —1ax o7 Y (s, Xm)Tr_, vk vk (s, X, )corr(BL; BY)

and we then obtain the new Ito process:
Wt +h X5, =W XT)
t+h v
[ G s xm + s xplas
t

+ft+h n 16 (S Xn)zn_lvu (S X;T,T[S)dBL

Thus, applying conditional expectation on the part and
other sides of this equality with x = (x;, x5, -+, x,,), We
obtain:

E[W(t + b, XE)IXE = x]

t+h
- E [tp(t,ng) + j |55 G5 x0) + grw(s, x| s |7 = x]
t
tHh 9P o ,
—(s,XT) z v (s, X, )dB |XF = x
= % i=1
since the expectation of the Ito’s stochastic integral is
zero, the result is
[th n 1a ¥ (s, XM ¥ _ vit' (s, XT, m,)dBL |XF = x]
0 (38)
We will get
E[W(t+h XA )IXF=x] =
Y(t,x)+
E[[5" B (s,xm) + 67w(s,xD)]ds |x7 = x| (39)
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because the expectation is linear and
E[W(t, XMIXF =x] = P(t, x).
By definition of the value function,
W(t,x) = E[Y(t + h X )IXE = x] (40)
Thus from (39) and (40) we get
E[f5" 22 (s, x5) + 6™ %(s, x7)] ds |x7 = x] < 0 (41)

From Equation (41), we deduce an inequality almost
surely under the probability measure P. By dividing it by
h and letting h approach 0, we obtain this expression:

5 & x0) + gmw (e xp)| <0 (42)
this is true for all T = mt, € A, and we will get:

S (6, XE) + SUPreen G W(E,XF) < 0
(43)
We still need to prove the second inequality.

&) Then prove that,

v

[E (&, XT) + supr,eaG"P(t, XZ’)] >0

We can consider that * = m; is the optimal control:
W(t,x) = E[®(t + h X%n)|XF = x]

where X™, and applying the Ito formula between ¢t and
t + h, we get:

w(e+hXE,) =w(6XT)

+ft+h 6‘!—’( X”)+Zl 16 (S XT[ )u (S X;T,T[S)‘l'

lymn (s, X7 ) Zn_, vik vk’ (s, XT ,ns)corr(BS’;B;")]ds

2 Ll-laxax
+ftt+h ?13 ( Xﬂ)zn—lv” (SX;T:T[s)dBl

Taking conditional expectation, also by using the
definition of our value function, then by dividing it by h
and letting h approach 0, the following expression:

E[W(t +h X7 |XE = ]
=W¥(t, x)

t+h W N N N
+ EU [ﬁ(s,xghg” Y(s, X7 )]ds
t

allows us to write:

XZT* = x]

oY . . x
|5 (6xm) + 57w xm)| = 0

leading to:

a
|22 (&, XF) + Suprea§™W(t X)| 2 0 (44)

Using the (43) and (44) relationships, it can be concluded
that:

5}
S (6, XF) + SUP e G W(E, XF) = 0
(45)

After these two inequalities constructed, we make the
following considerations for n = 2 and i’ € {1,2}:

Xg['l=At'X;I'2=Zt'Bt1=Bt»Bt2_Wt' t=
[reAe + T (e — 1)), v = oy, u? = a, V¥ = By,
corr(BL; B =p

in order to obtain the following PDE:
ow
{E (t,2,2) + SUpreq G™W (t,4,2) =0

W(T,Az) =u(l), AE€ER,
(46)

Where

G, A z) = [nA+m (e — rt)] (t Az) +

o1y 92W

tzta)\z (t,l,z)+at—(t7\z)+
B2 92w

zt o2 (¢, Az)+thnt0t6 a}\(t?\z)

T
considering that W(t, A, z) = _evaele 75 g(t, 2),
replacing the expression of W in (46), we obtain:

T
TsdS g —y)\eft TsdS —yaelt Tsas

—yrdelt g-e e

rsds —y/left rsdsg

+ SupﬂteR{[Ttl + e (ue — Tt)])’eft
O‘ngﬂ? (_yzert Tst —V/left T'sdsg> +

T
a; <—€_yleft rSdsgz> += A < e Wleft rSdsgzz> +
[T reds —y/left 7sds _
pBiogme(ve't s 9:)}=0
This equation is equivalent to:

gt
_ _ fT reds
SupnteR{ e (ue —)ve’t +

ofm} T B?
‘ ty ezft rsds]g +a.9, +7tgzz -

fTrst —
pBeomye’t g.1=0 47)
By setting,
2
n(m,) = [—Tft(,ut - Tt)yeft Tsds + 2 ]/ eZIt Tsds g
pé
+ atgz + ngz pﬁto-tn-tyeft Tst
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The first-order optimality condition:
dn(my)

=0
dmg
T T
[—(Ht —r)yele 5% 4 62m,y2e? Tsds] g-
[Frsa [ rsa
pB.oyelt "¢ g, = 0 & ofmyyelt Y = (u, — 1) +
thGt%

then the optimal control is

x 1 —fTr ds (Ut_rt pBe gz)
= Lo reds (BTt 4 pBegz) 48
t v 6% ot g ( )

Let introduce this expression in (47), we will get

gi+ —(”fgrt +%%> (e —7)
— pB.o; (uté ty pﬁ—%%) 9,=0

By a simple development, we can conclude that this is
equivalent to:

B pBe (iere)
9t +?tgzz+ [at _%]gz

J(m)z _o’BEgE _
2 Ot ’

Proof.2. Given equation (18) of HIB

% (t,A,2) + supz,erG™P(t,,2) = 0,
(18)
with W(T, A, z) = u(A + F),vA € R and where

—— v
gﬂlp(t’ }\, Z) = [Tt)\ + ﬁ1: (ut - rt)] a (t, }\1 Z)

02T, 0% 0w
2 o +ata(t,?\,z)

+ pBem.0; 3291 A 2)

+ K[‘P(t, A+ R,F, Z) —W(t,, z)],
the method of separating variables allows us to construct

— Trs s

Y(t,Az) = —e‘Yleﬁ ¢ 1(t,z)® where [ €
C12([0,T] x R). Using this transformation of W, (18)
becomes:

T T
T _ J; rsds _ [y rsds _
ft rsdse yAelt [® — ye~Yret ltlm 1

—yriAe

— T L rsd
+supg,er{[n A + 7, (u, — 1) lyek rsdsgyelt 5% 0 4

_2 T
ot (_yzertTrsdse—yleff Tsds lw) +
2

ftT rsds

a, (—we"”le lZl“"l) +

2 fTrSds
B—t(—we‘”e R L R
2

f;rrsds
w(w —1)ere l;l“"z) +
_ T Trsa
pB:0 T, ()/weft rods g—yaelt 'S Slzl“’_l) B
T T
e~y A+RePe)t rSng + xevaek rsdsl“’} =0

equivalent to,

rsdslw

WL + sup{~T, G, — rp)yel

T+ER

—2
sznf 2,2 [T reds -1
> (y et l“’)+watlzl“’
2
+ '[i(wlzzl“’_1 + w(w — 1)I21972)

2
T
— pBio;m, (Vweft rsdslzlw_l)
_VEF f;rrsds
+ ke YRR g—kl“}=0

We consider,

d(m,) = —m (p: — rt)yeftTrSdslw +
T (26207 70510) 1 o L1071 +
B??(wlzzlw—l + w(w — 1)121972) —
pP:o T, (Vweffrsdslzlw_l) +

T
ool Tsds
ke YReFe't — kl®

the first-order optimality condition on ®(T,) is

do(m,) T
T, =0 —(p, — Tt)Yeft Tsds e
+ G?EthezftTrsdslw
T
— pBeo, (yoek 51, 1071) = 0
o GgﬁtyeftTrSds
l
=(u—1) + thGthZ
we deduce,
—x 1 _ (T - Prw 1,
R thees) (49)

the previous PDE gives,
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Ll»-1 _ =* _ f;rrsdslm
Wit T (W — 1e)ve
o? (ﬁ*)z T
L Zt (yzezft rsdslm)
+ wa,l, 1@t
B2
2
N T
— pBeocTT; (Y‘Deft rsdslzlm_l)

fgrsds

+ = (wl,,I° !+ w(w — 1)I21®2)

+ ke YReFe g—xl®=0

and after the substitution T, by its value and
reorganization of the terms, we finally obtain the equation
(19) defined by:

2
t

Bt _ PBe(ue—my)
L+, + o pPbeTy L.

(b —1)?* | ¥ B? 2 5
ALt L i ot— -1z
+ 2002 +ool + 2(pw+w )l
K = j'Trsds g
+$€ YR¢Fet lw—_1=0.

This indicates the derivation of the nonlinear partial
differential equation in L.

REFERENCES

[1] R. C. Merton, Optimum consumption and portfolio rules in a
continuous-time model. Journal of Economic theory. 3.4. 373-413
(1971).

[2] Zariphopoulou Thaleia., A solution approach to valuation with
unhedgeable risks. Finance Stochast. 5, 61-82 (2001).

[3] Fouque Jean-Pierre, Sircar Ronnie and Zariphopoulou Thaleia.,
Portfolio Optimization and Stochastic Volatility Asymptotics. Last
revised (2015).

[4] G. Sigloch, Utility indifference pricing of credit instruments. Ph.D.
Thesis, University of Toronto (2009).

[5] I. Gikhman, A. Skorohod, Stochastic differential equations. New
York: Springer (1972)

[6] Zhigiang Zhang., Certainty Equivalent, Risk Premium and Asset
Pricing. Higher Education Press and Springer-Verlag 2010, Front. Bus.
Res. China, 4(2): 325-339 DOI 10.1007/s11782-010-0015-1 (2010).

[7] H. Ishii, P.L. Lions, Viscosity solutions of fully nonlinear second-
order elliptic partial differential equations. J. Differential Equations 83,
26-78 (1990).

[8] E. Boguslavskaya, D. Muravey, An explicit solution for optimal
investment in Heston model. Theory of Probability and Its Applications
(2015).

[9] M. Crandall, P.L. Lions, Viscosity solutions of Hamilton-Jacobi
equations. Transactions of the American Mathematical Society 277, 1-
42.(1983).

[10] P.L. Lions, Optimal control of diffusion processes and Hamilton-
Jacobi-Bellman equations. Part 1: The dynamic programming principle
and applications. Part 2: Viscosity solutions and uniqueness. Comm.
PDE 8, 1101-1174 and 1229-1276 (1983).

[11] W.H. Fleming, H.M. Soner, Controlled Markov processes and
viscosity solutions. Applications of Mathematics, Vol. 25, Springer,
New York. (1993).

[12] P. Protter, R. Jarrow, Structural versus reduced form models: a new
information-based perspective. Journal of Investment Management, Vol.
2, No. 2, 1-10, (2004).

[13] S. Hodges, A. Neuberger, Optimal replication of contingent claims
under transaction costs. Review of Future Markets 8, 222-239 (1989).
[14] S. Heston, A closed form solution for options with stochastic
volatility with applications to bond and currency options. Review of
Financial Studies, 6, 2, 327-343 (1993).

[15] S. Shreve, H. Soner, Optimal investment and consumption with
transaction costs. Annals Appl. Probability 4(3), 609-692 (1994).

112



