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Abstract—The concept of mutually unbiased bases is studied 

from the finite point of view and it is shown that the inexistence 

hypotheses can be verified by means of finite algorithms. The 

sketch of the algorithm is presented. 
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I. INTRODUCTION 

The problem of mutually unbiased bases (MUBs) has 

been one of the central open problems in quantum 

information theory. Whereas having a clear physical 

interpretation the problem is solely algebraic. Here is the 

formal definition. Mutually unbiased bases (MUB) in 

Hilbert space  are two orthonormal bases  

and  such that 

 
Let  denote the maximal number of mutually 

unbiased bases in the -dimensional Hilbert space. So it is 

an open question - how many mutually unbiased bases 

 do there exist in a Hilbert space . The physical 

interpretation is quite plain. Each orthonormal basis in a 

Hilbert space is associated with a quantum observable, in 

other words there exists a measurement of a particle in a -

dimensional quantum state in this basis resulting in the 

collapse of the state to one of the orthonormal vectors. Since 

a pure quantum state  is a unit vector in a Hilbert space  

the probability of collapsing to the given vector  of the 

basis is . Therefore in case if a quantum system is 

prepared in a state belonging to one of the bases, then all 

outcomes of the measurement with respect to the other basis 

will occur with equal probabilities. All the information is 

erased. Heisenberg’s uncertainty principle is closely 

associated with the infinite-dimensional MUBs problem 

with position and momentum measurements being quantum 

observables which are mutually unbiased. So getting back to 

the finite dimensions case, the question is: how many 

different quantum observables do there exist in a given 

dimension such that a measurement in any basis 

automatically "erases" the information about the outcomes 

of the others? 

And the algebra leads to some physically unpredictable 

results. The problem has been solved for the prime power 

dimensions [4] 

 where  is a prime, 
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and there are numerical evidences that for composite 

numbers other than prime powers the answer is different. It 

is unknown even for the Hilbert space of complex 

dimension . There is a conjecture that  [6]. 

Explicit constructions that have been proposed for Hilbert 

spaces of prime power dimensions use the fact that there 

exist algebraic fields of every prime power order. That is 

why such an approach seems pointless in other composite 

cases. So it appears that the physical properties of the 

system are in some inconceivable way dependent on the 

number-theoretical properties of the space dimension. 

 

There have been many attempts to deal with the MUBs 

problem in the 6 dimensional case. 3 pairwise unbiased 

orthonormal bases can be easily constructed, but the 

problem of proving the non-existence of the 4th seems to be 

extremely difficult. In recent times there have been attempts 

to computationally deal with the problem [5] which were 

quite unsatisfactory, though resulting in some additional 

evidences supporting conjecture . 

 

This paper is partly inspired by this finite approach, and 

partly by complex Hadamard matrices approach. We will 

prove that hypotheses of the impossibility of constructing 

mutually unbiased orthonormal bases (when this is actually 

impossible) can be verified in the finite number of steps. 

  

II. ALGORITHMIC SOLVABILITY 

A. Notation 

It would be convenient to use the following notation: 

 - the algebra of square  complex matrices. 

 - the set of square  complex matrices with unit 

columns. 

  - the group of unitary matrices or rank . 

  - the set of complex Hadamard matrices of rank . 

  [1] 

  =  

  =  

Let  be an arbitrary set, then denote 

  times 

Let  be a matrix norm such that for a given 
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B. The main part 

Remark 2.1.  

Each orthonormal basis   in Hilbert space  

is associated with the unitary matrix , where each 

column represents the corresponding basis vector. 

This is quite obvious for all the columns are pairwise 

orthogonal, and they also represent unit vectors. From now 

on we will sometimes use the notion of mutually unbiased 

unitary matrices, which means unitary matrices associated 

with the MUBs. 

 

Lemma 2.1 

 

 

Proof.  

The first statement is easily deduced from the following fact 

 

 
Where   is the -th column of the  matrix, and  is a 

simple Euclidian norm.  

, 

which is obvious, if we restate the problem as follows: 

 
This also proves the second part of the lemma, thus stating 

that the elements of the  matrix can only be modulus equal 

to . 

 

Corollary 2.1  

 

 
 

 

Lemma 2.2 

  

bases associated with  and   are mutually unbiased. 

Proof. 

  

 

, 

 

therefore  are mutually unbiased. 

   

 are mutually unbiased, therefore  

  . 

 

 

 

 

Definition 2.1 

 

 

Which is equivalent to the following definition: 

 

 
 

The two definitions are equivalent due to the previous 

lemma. So is a set of all -element sets of 

mutually unbiased unitary matrices of rank . 

 

Definition 2.2  

Let , such that 

 
 

 

Lemma 2.3 

 , if there exist  

mutually unbiased bases in Hilbert space dimension . If so, 

then 

 
Proof.  

If there exist  mutually unbiased bases ( ) in Hilbert space 

dimension  then  

   

 
This equation cannot hold for non mutually unbiased bases, 

because it would contradict Lemma 2.2. 

 

 

Remark 2.2 
The problem is that 

 

 
 

So we cannot search throughout the  and expect that 

finding  will immediately give us the mutually unbiased 

matrices. The counterexample is not difficult to construct. 

 

Definition 2.3 

Let , such that 

 
This  function helps us overcome the problem stated in 

Remark 2.2 by introducing a kind of unitarity measure for 

the set of  -rank matrices. 

 

 

Lemma 2.4  

 if  

Proof. 
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This holds true, for . The diagonal 

elements are always equal to , whereas the other elements 

add some non-strictly positive delta. 

 

Lemma 2.5  

 
Proof.  

Continuing the reasoning of the previous lemma, we may 

notice that the non-strictly positive delta of the non-diagonal 

elements turn to zero . 

The next step is to combine the functions introduced earlier 

into a compound “MUBness” criteria. 

 

Definition 2.4 

 Let , such that 

 
The following theorem can now be said to be obvious. 

 

 

Theorem 2.1  

If  then 

 
 

Lemma 2.6  

Let  

 
Proof.  

This holds true for  

 

Corollary 2.2  

Let  then 

, where  is an identity 

matrix. So constructing MUBs we can always assume the 

first basis to be computational and the set of all the other 

bases belongs to . 

 

Definition 2.5  

Let ,  

 
We introduce these definitions in order to easily declare 

enumerated sets of unitary matrices with the first matrix 

being the identity one. 

 

Remark 2.3 

  is a compact. Therefore every open cover in it has 

a finite subcover. 

 

Remark 2.4 

 .   is homeomorphic to  

 dimensional torus. 

 

Definition 2.6  

Define function , as 

,  

where ,  ,  

 is a metric. 

The metric properties can be easily checked. 

 

 

 

Theorem 2.2  

1.  is uniformly continuous. 

2.  

Where  is the -neighbourhood variation (with respect to 

-metric) of the function  in the point  

which is not dependent on . 

Proof.  

The first statement follows from the facts that  and  

functions are both uniformly continuous and they two 

precisely form the components of . Now let’s deal with the 

second statement. First let’s evaluate the -neighborhood 

variation for the components of . Let 

.  

And let  be an element wise product of the two 

matrices (or vectors). Then 

 

 

 

 

 

 

 

 
So that for a given ,  

 , .  

Now it is easy to show that 

.  

Similarly . Therefore the 

second statement of the theorem holds true. 

This all leads us to the following:  

 

Theorem 2.3 (Theorem of weak algorithmic solvability) 

1.  there exists a finite open -cover 

 of  , such that for a given 
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2. If there exists a finite open -cover  of  

, such that , then 

. 

 

Consequently the last theorem opens a way for the finite 

approach to the problem. Let’s mention only one of them 

(which is quite naive) implemented to the Hilbert space . 

 

1. Choose an arbitrary small enough . 

2. Construct an -cover for  

3. For each element of the cover, choose an arbitrary 

point  on it and evaluate . If it meets the 

conditions of the last theorem (part 2), then there 

are no mutually unbiased bases in this element of 

the cover, so move to the next element of the cover. 

If the condition if fulfilled, then choose a smaller  

and repeat the step 3. 

If all the elements of the cover meet the condition, then 

there are no  mutually unbiased bases in the Hilbert space 

dimension . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

III. CONCLUSION 

We have shown that the mutually unbiased bases problem, 

which having a clear physical interpretation still remains 

purely algebraic, can be algorithmically solved in some 

cases (when the hypothesis of the inexistence of a set of 

MUBs of a given order is true). At the same time, while 

dealing with the opposite cases (when the hypothesis is 

false) this approach can help us “localize” these MUBs in 

the sense that we can construct the bases that act very much 

like mutually unbiased. The inequalities used in the proof of 

Theorem 2.2 are not optimally efficient for they can often be 

significantly improved by observing different cases. These 

improvements can serve as a strong basis for the further 

researches. 
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